The isogeometric analysis method is extended for addressing the plane elasticity problems with functionally graded materials. The proposed method which employs an improved form of the isogeometric analysis approach allows gradation of material properties through the patches and is given the name Generalized Iso-Geometrical Analysis (GIGA). The gradations of materials, which are considered as imaginary surfaces over the computational domain, are defined in a fully isoparametric formulation by using the same NURBS basis functions employed for the construction of the geometry and the approximation of the solution. The basic concept of the developed approach is concisely explained and its relation to the standard isogeometric analysis method is pointed out. It is shown that the difficulties encountered in the finite element analysis of the functionally graded materials are alleviated to a large degree by employing the mentioned method. Different numerical examples are presented and compared with available analytical solutions as well as the conventional and graded finite element methods to demonstrate the performance and accuracy of the proposed approach. The presented procedure can also be employed for solving other partial differential equations with non-constant coefficients.
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Introduction
Several numerical methods have been proposed for the solution of partial differential equations. The Non-Uniform Rational B-Splines (NURBS) based isogeometric analysis (IGA) introduced by Hughes et al. [1] in 2005 as an innovative numerical methodology for the analysis of PDE problems, letting for the exact modeling of CAD type geometries. Up to now, this method has been applied to various types of field problems including structural analysis e.g. [2] [3] [4] [5] , fluid-structure interaction [6] [7] [8] , heat transfer [9] , etc. It is noted that all the published papers are dealing with the analysis of different types of structures with homogeneous materials. But this paper presents a slightly different and more general perspective of the IGA method, with the ability of analysis of structures with nonhomogeneous materials. In order to demonstrate this ability, it is applied to the analysis of functionally graded plane elasticity problems which are explained below briefly.
Functionally graded materials
Functionally graded materials (FGM) are kind of heterogeneous materials that often possess better mechanical, thermal or electrical performances in comparison with the traditional homogeneous objects [10] . These materials are a new gener-ation of advanced inhomogeneous composite materials that were originally proposed for thermal barriers of modern engineering structures in extremely high temperature environments and have been increasingly applied since then [11] . They are now being regarded as one of the most promising candidates for future smart composites in many engineering disciplines [12] . FGMs may exhibit isotropic or anisotropic properties depending on the processing technique and the practical engineering requirements. The material properties of FGMs demonstrate a continuous and smooth change from one side of an object to the other by gradually varying the volume fraction of constituent materials that leads to elimination of the interface and layering problems. By functional gradation, new properties can be obtained that can improve both material and component structures to achieve higher performance and material efficiency [13] . A considerable part of studies on FGMs is devoted to thermal stress and fracture analysis in structures such as plates and shells, e.g. see [14] [15] [16] [17] [18] [19] .
Besides the problem of proper manufacturing of the material, design of the parameters and analysis of such heterogeneous materials is a challenge for the engineering community [20] . Due to the high cost and difficulties of experimental tests for material design, the mathematical theory of homogenization [21] [22] [23] [24] may be employed for determination of the microscopic properties of the composite constituents that is the subject of our further research.
Techniques of analysis of FGM problems
Assuming that we are able to manufacture FGMs, still some difficulties may arise when the conventional computational methods, such as finite elements, are employed for their stress analysis. To circumvent some of these problems, in this research work, the applicability of the NURBS based analysis is investigated.
A key feature that distinguishes FGMs from homogeneous materials is that the mechanical, electrical and thermal properties of the material vary spatially. Thus, the analysis of functionally graded materials is significantly more complex than the homogeneous case. By now, for the analysis, either analytical techniques or numerical methods such as finite elements have already been employed for certain problems.
Due to the complexity of the analysis, depending on the materials anisotropy and inhomogeneity, only limited cases are solved by analytical methods. Most of the closed form solutions for non-homogeneous materials are carried out under the simplifying assumption of material isotropy.
The most common numerical approach adopted for the analysis of FGM problems is the FE method in which the domain of the problem is usually divided into different regions with constant mechanical properties. In other words, multiple dissimilar materials are assigned to different elements which results in discontinuity of the solution on elements borders. Besides, it involves some extra approximation and to obtain acceptable results fine meshes are required that considerably increase the computational effort [13, 25, 26] .
Moreover, two other different methods have been proposed for modeling the gradation of material properties in the FEM thus far, which employ the so-called graded elements. The formulations of these methods differ in the method of sampling the materials variations through each element. In 2000, Santare and Lambros [27] presented a graded finite element approach for modeling the behavior of nonhomogeneous materials. The procedure was applied to a typical two-dimensional plane stress element with linear interpolation shape functions. However, the results are applicable to other types of elements. In this approach, that is given the name ''graded finite element'' by the authors, the material properties are sampled directly at the gauss points by employing the available explicit functions assumed for the gradation of the materials.
Two years later, Kim and Paulino [13] proposed a generalized isoparametric formulation of the FEM which extended the FEM to variable elasticity materials. In this approach, an alternative numerical finite element model named ''generalized isoparametric graded finite element'' is proposed, where the authors adopt the same shape functions to interpolate the unknown displacements, the geometry and the mechanical parameters, in a generalized fully isoparametric formulation [13] . In this approach the material properties are mapped onto the nodes of the finite elements description and interpolated at the Gauss points by the same shape functions that are used for approximation of displacements [28] .
Although these methods are different, they yield similar results for fine mesh discretizations [13] . It is believed that the generalized isoparametric formulation is more natural to the finite element method than the Gauss point sampling of material properties. Regarding the fact that the generalized formulation embraces the important isoparametric concept, the same shape functions are used to interpolate the unknown displacements, the geometry and the material properties [13] . This formulation which can be considered as the extension of FEM to variable elasticity materials can be applied to isotropic or anisotropic FGMs assuming the homogenization approach [28] . This concept is also employed in some other types of numerical methods. Typically, an analogous procedure is employed in a high-order control volume finite element method [29] for thermo-elastic analysis of functionally graded plane elasticity problems.
This article investigates the applicability of both the mentioned concepts in isogeometric analysis of FGMs by allowing for gradation of material properties through the patches, but concentrates on the isoparametric formulation. It will be seen that implementation of the isoparametric formulation in isogeometric analysis of FGMs is not as easy as in FEM and needs an extra step of interpolation.
Furthermore, the boundary element method (BEM) is applied to FGMs as well, provided that the Fundamental Solution (FS) of the material is known either analytically or numerically [28] . The application of BEM to variable elasticity is well known since 1993 by work of Sladek et al. [30] where the boundary element method for nonhomogeneous elasticity is described. A field boundary element method (FBEM) was presented and compared with generalized isoparametric FEM by Minutolo et al. [28] in 2009. The comparison showed that both methods give results with similar good accuracy. The application of meshfree methods to dynamic analysis of sandwich beans with FGM core and vibration analysis of laminated composite plates were also investigated by Bui et al. [31, 32] . Finally, in recent years some other numerical methods have been introduced for the analysis of FGMs. For instance, in 2011 Chareonsuk and Vessakosol presented the numerical solutions for functionally graded solids under thermal and mechanical loads using a high-order control volume finite element method [29] . In one of the latest numerical works, the FBEM is extended for the analysis of multiregion functionally graded materials [33] . In addition, free vibration and buckling analysis of laminated composite plates is investigated by Shojaee et al. [34] by using the NURBS based isogeometric analysis method. Finally, recently Valizadeh et al. [35] used the IGA method to study the static and dynamic characteristics of FGM plates. The material properties are assumed to be graded only through the plate thickness and static bending, mechanical and thermal buckling, linear free flexural vibration and supersonic flutter analysis of FGM plates are numerically studied. Refs. [25, [36] [37] [38] [39] can be consulted for a thorough review of the literature on the subject.
Isogeometric analysis method
The isogeometric analysis method, which can be considered as a logical extension of the finite element method, is more geometrically based and takes inspiration from Computer Aided Design (CAD). It is a generalization of the classical finite element analysis and has many features in common with it. The gist of the IGA method is combining the CAD and FEM for removing the need for a conventional mesh by using knot elements instead of finite elements. A 'knot element' is part of a curve, (surface and volume in two and three dimensional problems, respectively), that is formed by a specific knot span, (or by their tensor products in higher dimensions), when B-Splines are employed. The primary advantage of this method is being geometrically precise, no matter how coarse the discretization is. It simplifies mesh refinement by eliminating the needs for communication with the CAD models and results in a considerable reduction in the size of system of equations which is cost effective and makes it a potential and promising substitute to the other numerical methods [1, 2, [40] [41] [42] .
It is noted that the implementation of the conventional adopted concept in the FEM for the analysis of FGMs, i.e. capturing the variations of material properties by using a large number of homogeneous elements is not applicable to IGA. Because, in this case, patches play the role of elements in the FEM, i.e. the material properties are supposed to be constant throughout each of the patches; then it is required to use a large number of patches for this purpose which is not practical. Therefore, the only practical way for the analysis of problems with graded materials seems allowing variations of the material properties within the IGA patches that are usually much larger subdomains in comparison to the finite elements. In analogy to the finite element 'graded elements' we might use the terminology 'graded patches' to identify them in this research.
Inspiration of GIGA
The suggested approach is based on the idea that in the isogeometric analysis method, we can consider the variations of the solution of differential equations (field variables in most of engineering problems) as imaginary surface(s) over the computational domain that are constructed by using advanced versions of Splines such as NURBS. So, in the same manner, the coefficient terms of differential equations, which themselves might be functions in general, can be assumed as other imaginary surfaces over the domain which can also be stated by using the same NURBS basis functions. The inspiration of the presented perspective came from the impressive progresses in computer aided geometry design (CAGD) technologies, and using their abilities in creating complex surfaces, for solving partial differential equations (PDE) which could not be easily handled by other numerical methods [43] . The surfaces of the coefficients can be constructed by using NURBS so that their defining parameters (i.e. the appropriate imaginary heights of the control points) are obtained by employing NURBS interpolation techniques, while the defining parameters of the solution surface(s) are considered as unknowns that have to be evaluated by criteria which can be extracted from the governing equation (e.g. minimization of the total potential energy) [43, 44] . This issue is clearly visualized in Fig. 3(a) -(c) of section 3-2 for the better insight. As pointed above, this approach, in fact, can be considered as the generalization of the standard IGA method to variable elasticity. It will be seen that employing the mentioned perspective will lead to a fully isoparametric formulation for the analysis of variable elasticity problems.
Due to the possibility of simultaneously modeling of the structural shape and the material distribution, GIGA constitutes an important tool for studying integrated modeling and analysis of FGMs. In addition, this method, besides being independent of a mesh generation tool, has some extra advantages over the conventional FEM such as ending up with smaller system of equations and consuming less computational time. Since in this approach graded patches are employed, in which variations of materials are captured by using NURBS interpolation, the material gradations can be modeled with a high accuracy even by employing a single patch and quite a few numbers of control points. We also believe that the proposed perspective facilitates the imagination and interpretation of the problem definition and solution.
One of the other most prominent applications of the proposed method is in material design and optimization problems, which is the subject of our further research [45] . Whereas in this approach variations of material properties are modeled by using NURBS, it provides a high powered tool for creating any complex material distribution profile employing quite a few numbers of control points. In addition, any desired level of material distribution continuity is available which results in creating very smooth material profiles that are easy to fabricate. Furthermore, because the distribution of material properties are captured in a fully isoparametric formulation by using the same net of control points and basis functions employed for the construction of the geometry, computational effort is considerably decreased. It also provides some extra advantages in this category which are discussed in details in [45] .
Article structure
In the following sections, a unified approach is presented which employs an isogeometrical method for both modeling and analysis of the FGM plane problems. The constitutive material matrix is considered to be either isotropic or orthotropic at each point where the elastic modulus is assumed to vary continuously throughout the domain according to an assumed law of distribution. Since in GIGA the variations of the displacement coordinates as well as the mechanical properties of the problems are considered as imaginary surfaces, Section 2 is devoted to the preliminary introduction to the surface generation. The derivation of the numerical formulation of plane elasticity problems with FGMs by employing the GIGA method is discussed in Section 3. Some numerical examples are solved in Section 4 to demonstrate the efficiency of the proposed method. Finally, conclusions and suggested further research is the subject of Section 5.
Surface definition by Splines
Since, as mentioned above, the main idea behind the IGA method is that any component of the sought answer is imagined as a surface which can be generated by using Splines and NURBS, a brief description of the technique is here introduced. Some of the concepts and parameters of the approach are concisely explained in the following. 
The knot vector
A knot vector U is a set of non-decreasing real numbers representing coordinates in the parametric space of the curve:
where m is the number of knots and equals to n þ p þ 1. Also, n is the number of basis functions that is related to the number of control points and p is the degree of the B-Spline basis functions (order p þ 1). A knot vector is said to be uniform if its knots are uniformly spaced, otherwise it is non-uniform. Moreover, a knot vector is said to be open if its first and last knots are repeated p þ 1 times like (2).
The interval ½u 0 ; u m is called a patch, whereas the interval ½u i ; u iþ1 is called a knot span. In the following, we always utilize open knot vectors for solving the problems as their knots start by 0 and ends by 1.
B-Spline basis functions
Basis functions formed from open knot vectors are interpolators at the ends of the parametric interval ½r 0 ; r nþpþ1 , but are not in general interpolator at interior knots. The ith B-Spline basis function of degree p, denoted by N i;p ðuÞ, is defined recursively as:
For example, for p ¼ 0; 1; 2 and using a uniform knot vector U ¼ f0; 0; 0; 0:25; 0:50; 0:75; 1; 1; 1g some of the basis functions are shown in Fig. 1 (a)-(c). For more details Refs. [46] [47] [48] can be consulted.
Creating surfaces by using NURBS
A NURBS surface is parametrically constructed as Sðr; sÞ ¼ 
Also, P ij are ðn 1 þ 1Þðn 2 þ 1Þ control points, w ij are the associated weights to every control points and N i;p ðrÞ and N j;q ðsÞ are the normalized B-Splines basis functions of degree p and q. In brief, we can write the NURBS surface as:
where
Curve and surface interpolation by NURBS
In order to solve the differential equations via the GIGA method, the coefficient functions of differential terms must be stated in terms of NURBS parameters, i.e. control points and knot vectors, using the NURBS interpolation algorithms. There are many subtleties in fitting, and literally hundreds of papers have been written on this topic [47] . Many of the techniques are heuristic, and there are usually no unique or clear-cut ''right'' answers. The most common algorithms are global algorithms which select an appropriate knot vector and set up a system of linear equations that yields the control points coordinates. Various interpolation algorithms usually differ in the methods of parameterization, and also selecting the appropriate knot vectors for the constitution of system of equations. However, the existing algorithms are not of interest in this paper because it will be seen that they cannot be utilized in GIGA approach. The reason will be explained in details in the subsequent sections.
Derivation of numerical formulation

Elasticity formulations in brief
We recall the governing elliptic equations for a general static linear elasticity problem in a domain X 2 R
d with boundary
where d denotes the dimension of problem, f i are the components of the body force and r ij represent second-order stress tensor. According to the general Hook's law
where c ijkl are the fourth-order elasticity tensor and c ijkl ¼ c jikl ¼ c ijlk ¼ c klij . Also, e kl are the linearized second-order small strain tensor which are defined as
where u k represent the displacement vector. The Dirichlet boundary conditions are defined on C D & C ¼ @X which typically we assume that u ¼ 0 on C D and the Neumann conditions on C N are defined by
where C N \ C D ¼ ; and n j are the unit vectors of the coordinate system. See Fig. 2 . Now, we extract the relations needed for the two dimensional FGM plane elasticity problems ði ¼ 1; 2Þ and hereafter we make use of x and y instead of 1 and 2, respectively. Eq. (7) can be written in a new form as
where D denotes the differential operator and is defined by
and f and r denote the body force and stress vectors as shown in Eqs. (13) and (14), respectively.
r ¼ f r xx r yy r xy g
It should be noted that, in plane problems, we use C ij instead of c ijkl that can be expressed in terms of the engineering constants ðE; m; GÞ which are the elastic modulus, Poisson's ratio and shear modulus, respectively.
In the FGMs, the elements of the constitutive matrix can vary continuously through the domain. But in most of the literature, the elastic modulus is considered as a varying function where the other parameters are assumed constants. Typical analytical studies on the FGMs have assumed linear, exponential, and power-law variations in elastic modulus as in Eqs. (15)- (17), respectively:
where x is the specified spatial coordinate and C o ij and a are set to constants. It is understandable that by substituting (15)- (17) into the governing differential equations, generally more complicated relations are generated. In this case, solution is naturally more difficult and hence limited cases of the analytical solutions of FGMs have been reported thus far.
As we know, plane elasticity problems are either plane stress ðPSSÞ or plane strain ðPSNÞ, where the only difference is in their elasticity matrix. As it was pointed out previously, by assuming a constant Poisson's ratio, v, and a continuous variation in the elastic modulus throughout the domain, Eðx; yÞ, the constitutive matrix for the PSS and PSN cases will be as Eqs. (18) and (19) 
Generalized isogeometrical formulation
In the IGA solution of plane problems, further to the x and y coordinates of the control points which are employed for the geometrical modeling of the domain of problem, a couple of extra coordinates are considered as the unknown variables to be determined via the criteria which is obtained from the governing differential equation. Following a conventional variational approach, similar to the finite element method, the functional of total potential energy of Eq. (20) can be obtained and its stationary conditions with respect to the approximation parameters results in the system of equations to be solved. 
respectively. Here, ff x ; f y g T and ft x ; t y g T are the vectors of the body forces and tractions, C 11 ; C 12 ; C 22 and C 66 are the elements of the constitutive matrix and h e denotes the thicknesses of the used patches in the plane stress case, which is equal to unity for plane strain problems. X and C represent the domain of the patch and its boundary, respectively. Now, let the unknown displacement components u x and u y be approximated by B-Spline basis functions as 
It is noted that the net of control points that lies, topologically, on a rectangle in the r and s parametric space, can be defined by the integer i and j indices alongside the coordinates axes. However, in order to simplify the process of assembly of patches, a single parameter, a, is employed which is defined by a convertor function, Cði; jÞ, as a ¼ Cði; jÞ ¼ ði þ 1Þ þ jðn þ 1Þ; 
the strains and stresses can be defined by (29) and (30) which are the same as the conventional finite element procedure
where D and C are defined above and the H matrix is constructed as H ¼ 
: ð32Þ
It should be noted that in the FGM analysis, the components of the constitutive matrix, in general, are functions of the coordinates of the points. In order to evaluate the integral expression of stiffness matrix, it is necessary to express these functions in terms of NURBS parameters. As mentioned before, similar to the FE method, two different concepts exist for this purpose. First, direct sampling of the material properties variations, in which it suffices to substitute the coordinates X and Y in terms of parametric coordinates, i.e.
Xðr; sÞ
into the function assumed for variations of material properties. Second, employing the generalized isoparametric formulation, in which the variations of material properties are approximated by using the NURBS basis functions in a similar fashion to the displacement components as Eðr; sÞ ¼ X i¼0
in which E ij denotes the altitudes of control points that generate an imaginary surface where the height of the surface at any point correspond to the value of the elastic modulus. For the isotropic functionally graded materials, only the modulus of elasticity is assumed to vary throughout the domain of interest and consequently can be stated in terms of NURBS parameters by using Eq. (34) . Likewise, for the orthotropic FGMs, which are also considered in this research, the similar relation as (34) should be written for three independent material properties; i.e. E 11 , E 22 , G 12 .
On the other hand, in the generalized isoparametric concept, we are intended to use the same net of control points for interpolation of material properties variations throughout the domain as well as the geometry and the analysis. Therefore, the mentioned algorithms in Section 2.4, are not of interest in this concept and cannot be utilized except in some special cases. Because, in the mentioned interpolation techniques, all the coordinates of control points are unknowns which are produced by the algorithm, whereas we have already prescribed some coordinates of the control points as well as the knot vectors for the definition of the geometry.
Thus, we must employ an algorithm wherein the only unknowns to be determined are the altitudes of control points in a manner that the obtained imaginary surface interpolates the material properties variations as precise as possible. For the sake of better insight, a typical square physical domain with its defining control points is depicted in Fig. 3(a) . Fig. 3(b) and (c) demonstrate typical interpolator surfaces of the materials variations and the resulted field variable, respectively. As the figures show, the coordinates x and y of the control points are the same as those of physical domain in all the surfaces. A devised algorithm for this purpose is briefly explained in the following.
Assume a NURBS surface as Eq. (3) is the surface which interpolates the variations of the desired material property as is typically shown in Fig. 3(b) . Similar to the most of other interpolation techniques, we assume all the weighting coefficients equal to unity. So, we obtain a B-Spline surface which can be written as
where P i;j is the net of control points that includes the following coordinates
According to previous explanations, the algorithm is supposed to approximate the variations of a desired function, wherein the coordinates X i;j , Y i;j are prescribed, as well as the knot vectors U and V, and the only unknowns to be determined are the coordinates Z i;j . Substituting Eq. (36) 
in which Z i;j are the ðn þ 1Þðm þ 1Þ unknowns to be determined. Now selecting ðn þ 1Þðm þ 1Þ arbitrary points in the parametric space and substituting in (32) and (33), yields the corresponding coordinates X and Y in the Cartesian coordinate system. By having the exact values of the desired material property at these coordinates from the assumed analytical function, and substituting into the left side of Eq. (37), a system of linear algebraic equations is constructed which yields the desired unknowns Z i;j .
As seen above, employing the generalized isoparametric formulation in the IGA method is not as easy as in the FEM and requires more computations. However, it has some advantages over the isoparametric graded finite elements such as higher continuity of material properties in the entire domain as well as more accuracy and smoother interpolation of material gra- Fig. 4 . Square isotropic FG plate subjected to various loadings.
dations, that is due to the high interpolation abilities of B-Splines and NURBS in comparison with the finite element shape functions.
Although in problems that there are prescribed analytical functions for variations of the material properties we can also employ the direct approach, it is inevitably utilized in problems where there are not definite analytical functions for variations of material properties. A material distribution optimization problem in which we intend to design the appropriate distribution of material constituents of an FGM can be mentioned as a practical example. Furthermore, implementation of the generalized formulation into a computational code is easier and more routine. By employing the generalized formulation, it is just required to prepare some numerical data, i.e. the altitudes of control points corresponding to imaginary surfaces of each desired material property, for the analysis. So, the values of the material properties will be interpolated at the Gauss points by employing the same basis functions used for the definition of the geometry and the analysis. Now, quite similar to the isoparametric finite elements, and employing all the approximations pointed out formerly, the integrands will be transformed in terms of the knot parameters r and s. Following the mapping of the functions from the Cartesian into the parametric coordinates, for numerical integration the Jacobi matrix is needed where its Jacobean is written as 
Following a procedure similar to the FEM with the standard variational method results in a system of linear equations
where K is the matrix of coefficients and f is the force vector. For more explanations reference [1] can be consulted. In order to evaluate the efficiency of the proposed method based on the formulation that was shortly explained above, a computer program in FORTRAN language was developed and employed to solve the examples that follow.
Some experiences with the method
To demonstrate the performance and accuracy of the method, four numerical examples are presented. The solutions of the examples are compared with available analytical solutions as well as the results of the conventional and graded FEM. The conventional FEM is referred to the solution method for graded property of a material by treating it as a piece-wise homogeneous material, where the location at the center of each element is used as a reference for material property calculation. It must be mentioned that in all the examples, quadratic basis functions together with uniform knot vectors in both directions have been employed for the analysis using the GIGA approach. Moreover, linear parameterization is employed for modeling of all the examples geometries. Also, for the sake of possibility of comparison, an 8-noded element with quadratic shape functions known as 'serendipity' element has been employed for the analysis by using the FEM. Furthermore, it is assumed that the employed units for different quantities are consistent in all the examples.
All the presented examples are available in the literature, so in order to avoid the redundancy, the interpretation of the results concerning the behavior of FGMs in comparison with corresponding homogeneous cases, which is not the main scope of this research, are discussed briefly in the paper and the interested reader is suggested to refer to the previous published works. In order to gain a better quantitative insight to the computational efficiency of GIGA, the consumed computational time of the proposed method for some of the examples are also presented. It needs to be mentioned that the programs are compiled on a laptop computer with Intel Core2 Duo CPU-2.40 GHz and 2 GB of RAM. 
Isotropic FG square plate subjected to various loadings
A square plate with constant thickness made of a nonhomogeneous isotropic material under the generalized plane stress conditions, as shown in Fig. 4 , is considered. The Poisson's ratio is constant, m ¼ 0:3, and the variation of the Young's modulus is assumed to have the exponential form of Eq. (40), from E 1 ¼ 1 GPa at the left edge to E 2 ¼ 8 GPa at the right side. The dimensions of the plate are W ¼ H ¼ 9 m, and its thickness is equal to unity.
The elasticity modulus at the left side of the plate is taken as E 0 and the non-homogeneity parameter b, which dictates the 
where W is the width of the FGM plate as shown in Fig. 4 . Note that the parameter b is not dimensionless and has unit ½m À1 . The analytical solutions for an infinite plate with different boundary conditions can be taken from [13] as follows.
For fixed grip loading with e yy ðx; AE1Þ ¼ e 0 the stress distribution becomes r yy ðxÞ ¼ E 0 e 0 expðbxÞ:
The corresponding tractions at the end points of the plate are schematically shown in case 1 of Fig. 4 . As the second case, a uniform distributed tensile load of intensity f y ¼ 1 GPa applied at the top edge of the plate, as is shown in case 2 of Fig. 4 , is considered. For this loading case, the analytical solution for the stress distribution is obtained as
where the constants A (with dimension ½length À1 ) and B (dimensionless) are determined by Eqs. (44) and (45) respectively. 
In the last case, a bending load according to Eq. (46), which is applied to the top edge of the plate, as shown in case 3 of Fig. 4 , is considered. 
The closed form solution of the stress distribution for this loading case is again given by Eq. (43), where the coefficients A and B are determined using the following equations 
Table 2
The errors measured in L 2 -norm of the radial and hoop stresses. Now, for the sake of comparison, the problem is solved by using the GIGA method for all loading cases with 100 control points. The obtained results of the presented method together with the exact solutions, as well as the results of the conventional and graded FEM are illustrated in Fig. 5(a)-(c) for the vertical normal stress distribution r yy . In these figures, the reported results of the conventional and graded FEM are obtained by using a 9 Â 9 mesh of Q 8 homogeneous and graded elements, respectively. In this problem, the vertical stress distribution for the first two loading cases is uniform along the width of the plate for homogeneous material; while, as Fig. 5(a) and (b) show, the stress distribution for graded materials is totally different. As seen in these figures, the maximum vertical stress occurs inside the plate, while the minimum happens at the right end.
In the last loading condition, i.e. pure bending, for the homogeneous material, the obtained distribution for r yy is linear with zero value at the middle of the plate and the maximum absolute value at the ends; while, as seen in Fig. 5(c) , the maximum vertical stress of the left side as well as the position of the zero-value stress shifts to the right. As the figures demonstrate, the results of the conventional FEM follow a zigzag pattern. This is due to the fact that, as mentioned before, in this approach in order to capture the material gradations, different material properties are assigned to adjacent elements. As a result, the stress evaluated at the common side of these elements differs between the elements. It is noted that in commercial FEM software, in order to avoid this problem, a nodal averaging scheme is adopted for the calculation of the gradient terms which results in continuous predictions for the stress and strain components with a good accuracy except for the regions near the edges.
For the evaluation of the performance of GIGA in comparison with the conventional and graded FEM, the errors in L 2 -norm of the vertical stress are obtained for the last two loading cases and reported in Table 1 . It is noted that for acquiring the mentioned norm of the error of the conventional FEM, the nodal averaging scheme is employed. Table 1 shows that, despite employing much fewer degrees of freedom, GIGA yields better accuracy than the conventional and graded FEM. It is noted that the results of GIGA are obtained by employing only 200 degrees of freedoms, while both the conventional and graded FEM result in a system of 560 equations.
Orthotropic functionally graded rectangular plate
In order to demonstrate the performance of GIGA for orthotropic FGMs, as the second example, an orthotropic functional graded rectangular plate of length H ¼ 18 m and width W ¼ 9 m, subjected to various loading conditions is considered. The plate is assumed under the generalized plane stress condition. Fig. 6 shows the basic geometry, boundary conditions and material variations of the plate. It is assumed that the two principal Young's moduli (E 11 ; E 22 ) and in-plane shear modulus (G 12 ) vary proportionally with the same exponential function of Eq. (50), wherein the parameters E and b must be replaced with the appropriate material properties, e.g. E 11 , b 11 and etc. For instance, for the first principal Young's moduli, it becomes
in which
Similar relations can be written for E 22 and G 12 . In both of the loading cases, the following numerical data were used for the analysis: stress field throughout the whole structure, the stress contours are also included in the figures. As seen, the figures show good agreements in stress contours of the current and the exact method in most regions of the domain. The little discrepancy observed at the top of the plate, near the loaded boundary, is completely natural and due to the fact that the exact solution is indeed obtained for an infinite plate.
The convergence rate of GIGA is also investigated for this example. To do this, the results of GIGA are acquired for different employed numbers of degrees of freedom by using the h-refinement and employing the linear parameterization; then, the errors are calculated in terms of the L 2 -norm of the vertical stress and illustrated in Fig. 8 for both of the loading conditions. As the figure illustrates, in this example, the L 2 -convergence rate of stress for the employed quadratic basis functions is approximately three, which is considered as a high rate of convergence. Furthermore, the consumed computational times for the analysis of this example is also presented in Fig. 9 for different employed numbers of d.o.fs. As the figure clearly shows, the presented computational times, as was expected and similar to the most of other numerical methods, do not follow a linear pattern and increase with a greater slope for higher numbers of d.o.fs.
A pressurized FG hollow cylinder
In this example, a plane axisymmetric problem of a hollow cylindrical domain under uniform internal and external pressure, as shown in Fig. 10 , is considered. The cylinder is assumed to be in the plane stress condition and made up of isotropic functionally graded materials. The modulus of elasticity is allowed to be a function of the radial coordinate; that is EðrÞ, and the Poisson's ratio is held constant. Following the work of Horgan and Chan [49] , the specific power-law variation for Young's modulus, is considered as
where E 0 is the value of the elasticity modulus at the inner side of the cylinder, a is the radius of inner boundary of the cylinder and n is the power law exponent. The exact solution for stress distribution of the problem in special cases of only external or internal pressure loading are in the following forms 
for the internal pressure case (P o ¼ 0), and
for the external pressure case (P i ¼ 0).where r rr ; r hh denote radial and hoop stresses, respectively, and parameter k is obtained from the following equation
The problem is solved assuming the following numerical values:
The cylinder is assumed to have a unit length. Due to symmetry, only a quarter of the cylinder is modeled and analyzed. The effect of different material profiles using various values of the power-law exponent in Eq. (530 is also investigated. In order to gain insight into the relative magnitude of such a gradation, Eq. (52) is plotted in Fig. 11 for different values of n. Note that zero value of n indicates a homogeneous material distribution.
The results of GIGA are obtained by using 10 control points in radial direction, while 19 elements in this direction are employed for the FEM analysis. The results for different loadings and material distributions are depicted in Figs. 12 and 13. Fig. 12(a) and (b) demonstrate the distribution of the radial stress r rr , with respect to radial direction for various degrees of material gradations for the internal and external pressure cases, respectively. It can be seen that the greater values of n dictates less nonlinearity in the profile of the radial stress. As the figure shows, at a fixed r, the magnitude of radial stress increases by increasing the value of n in the internal pressure case, while it decreases under external pressure.
Furthermore, as seen in Fig. 12(a) , no discontinuity is observed for the radial stress distribution in conventional FEM results. Likewise, the same observation is expected in all the problems that loadings are applied parallel to material gradation direction and the component of the stress in that direction is under investigation.
On the other hand, the distribution of the hoop stress r hh , with respect to the radial coordinate is illustrated in Fig. 13(a) and (b). The figures show that, in both loading cases, by increasing the value of n, the magnitude of the hoop stress on the internal side of the cylinder up to a specific distance, roughly half thickness, increases and afterwards it is the other way round. It can be seen that for the value of n ¼ 1, a nearly uniform distribution of the hoop stress is obtained which is desirable in most of applications. It is also observed that the agreements between GIGA and exact solution gets worse by increasing the value of n, which originates from the relatively small number of control points employed in the radial direction and consequently low-precision approximation of high material gradation and more complicated stress behavior. Accordingly, in order to obtain more accurate results by employing the proposed method for the analysis of problems with high material gradations, more number of control points in the direction of the gradation or a better parameterization is required.
The contours of radial and hoop stress components are also depicted in Fig. 14(a) and (b) for the special case of internal pressure loading with n ¼ 2. Comparison of these two figures reveals that the depicted stress components follow opposite patterns. The maximum absolute value of the radial stress component happens at the inner side of the cylinder and has a high gradation near this side, while the maximum absolute value of the hoop stress occurs on the outer side of the cylinder with a high gradation at its vicinity. Furthermore, it is observed that, due to axisymmetry, the stress components do not vary in the hoop direction.
In order to compare the accuracy of different methods, the errors of different methods are calculated in terms of the L 2 -norm of the stress components by employing nearly similar degrees of freedom and presented in Table 2 . It is noted that the presented results of GIGA are obtained by employing a net of 10 Â 15 control points (300 d.o.f), while the results of the conventional and graded FEM are obtained by using a 5 Â 8 mesh of elements (294 d.o.f). Moreover, it should be mentioned that the presented norms of errors of the conventional FEM are obtained by employing the nodal averaging scheme. As the table clearly shows, GIGA yields much better accuracy compared to the conventional and graded FEM by using similar numbers of degrees of freedom. It can also be seen that the conventional FEM yields highly accurate results when the stress component under investigation is parallel to the material gradation direction. The same observation is reported in [13] .
Furthermore, in this example, the convergence rate of GIGA is also investigated for different employed material profiles in the special case of under internal pressure. The graphs of the errors in terms of the L 2 -norm of the radial and hoop stresses are demonstrated in Fig. 15(a) and (b), respectively. Considering the graph, we can observe that both of the stress components follow a nearly similar convergence pattern; however, the results for the hoop stress component have a better accuracy by the same number of degrees of freedom. Moreover, it is observed that the rate of the convergence is not highly dependent on the employed material profile, especially for the radial stress component. The corresponding computational times for the analysis of the FG cylinder are also demonstrated in Fig. 16 . The reported consumed times belong to the special loading case of internal pressure with n ¼ 2, which is nearly the same for other mate-rial profiles and loading conditions. Considering this figure and comparing it to that of the previous example, we can observe that they follow a similar pattern so that in this case the computational effort also rises with a higher rate when more numbers of d.o.fs are employed.
A simply supported isotropic FG beam
The last example deals with a simply supported isotropic FG beam with material properties varying through the thickness. The beam is subjected to a distributed transverse loading as Eq. (58) on its upper surface. The schematic of the beam with its boundary conditions is shown in Fig. 17 . The aspect ratio of the beam is taken to l=h ¼ 2:5.
where q 0 is a constant and l is the length of the beam. Similar to the previous examples, the Poisson's ratio m, is assumed to be constant while the Young's modulus varies exponentially through the thickness of the beam according to the following relation E ¼ E 0 expðky=hÞ; ð59Þ where h is the thickness of the beam, E 0 is the modulus of elasticity at y ¼ 0, and k is a constant that dictates the profile of gradation through the thickness of the beam. The exact elasticity solution of the beam under the plane stress condition is reported by Huang et.al. [50] , which is used for validation of our numerical results that follow. Numerical results are obtained for three different profiles of material gradations including k ¼ 0, i.e. the homogeneous case, k ¼ logð10Þ and k ¼ logð0:1Þ. The material profiles for the mentioned values of k are depicted in Fig. 18 for the sake of better insight. As the figure shows, the selected values for parameter k, corresponds to the values of 1, 10 and 0.1 for the ratio E h =E 0 . It must be mentioned that the results of GIGA are obtained by using a net of 25 Â 15 control points and uniform knot vectors in both directions.
The distribution of the axial stress component r xx , with respect to the coordinate y, at x ¼ l=4 is depicted in Fig. 19 for different assumed material gradations. As the figure shows, a linear distribution of axial stress with zero value at the midplane of the beam is observed for the homogeneous case. Also, it is seen that the distribution is symmetric with respect to the midplane. Nevertheless, in the second case, i.e. where E h =E 0 ¼ 10, the material of the upper surface is softer than the lower one and consequently bears less magnitude of stress. So, the distribution of the axial stress becomes nonlinear and asymmetric with less magnitude at the upper surface and more at the lower one, in comparison with the homogeneous case. Therefore, the zero stress value shifts to the right and happens at y=h ¼ 0:68. The inverse results can be observed for the last case, so that the zero axial stress value shifts to the left and happens at y=h ¼ 0:32. Furthermore, the figure shows good agreements between analytical and GIGA results. On the other hand, Fig. 20 shows the hyperbolic distribution of shear stress s xy , with respect to y coordinate for the homogeneous case. Also, it is seen that in this case, the distribution is symmetric about the midplane, and the maximum happens at this plane, while in the FGM cases the distributions become asymmetric and the maximum does not happen at the midplane. As the figure shows, in the second case, where the material of the upper surface is softer than the lower one, the maximum shifts to the right and happens at y ¼ 0:68, where the axial stress component vanished. Again, the inverse results are observed for the last FGM case. This figure also shows that the results of the GIGA and the analytical ones perfectly match each other.
Also Figs. 19 and 20 indicate that the gradient of the axial and shear stress components increases significantly near the harder surface, which is the consequence of the assumed high gradations of materials near this surface.
For better visualization of the behavior of FGMs through the whole structure, the contours of axial and shear stress components for different values of E h =E 0 are illustrated in Figs. 21 and 22, respectively. Figs. 21 and 22(a) show symmetric distribution of stress components with respect to the midplane for the homogeneous case, while as Figs. 21 and 22(b) and (c) show, it does not hold for the FGM cases. It is seen that the distribution of the absolute values of stress components are the opposite of each other for two FGM cases which is caused by the assumptions made for the material gradation profiles.
Conclusions
Isogeometric stress analysis of plane elasticity problems with FGMs by employing of graded patches, and using a fully isoparametric formulation together with a new perspective of the standard IGA method named ''generalized isogeometrical analysis'' has been presented in this work. In order to employ the isoparametric formulation for modeling the material variations, a devised interpolation technique by using B-Splines was introduced. Several numerical examples solved which indicate the high efficiency and accuracy of the proposed method for the analysis of FGM problems. The presented examples demonstrated that the performance of the solution by the presented method is better than the conventional and graded FEMs because of removing the discontinuities in stresses and modeling the variations of materials with higher continuity. Also, this method takes the burden of assigning different material properties to each element in the conventional FE analysis. One of the main advantages of this approach, besides its accuracy in defining the boundary conditions and material properties, is the considerable reduction in the resulted system of equations which is cost effective. It must also be mentioned that the proposed solution procedure is not limited to the analysis of FGM problems and also can be applied to other types of differential equations with non-constant coefficients.
